We consider the system of relativistic rotating fermions in the presence of rotation. The rotation is set up as an enhancement of the angular momentum. In this approach the angular velocity for the angular momentum plays the same role as the chemical potential for density. We calculate the axial current using the direct solutions of the Dirac equation with the MIT bag boundary conditions. Next, we consider the alternative way of the rotation description, in which the local velocity of the substance multiplied by the chemical potential serves as the effective gauge field. In this approach this is possible to relate the axial current of the chiral vortical effect for the massless fermions to the topological invariant in momentum space, which is robust to the introduction of interactions. We compare the results for the axial current obtained using the two above mentioned approaches.
We consider the system of relativistic rotating fermions in the presence of rotation. The rotation is set up as an enhancement of the angular momentum. In this approach the angular velocity for the angular momentum plays the same role as the chemical potential for density. We calculate the axial current using the direct solutions of the Dirac equation with the MIT bag boundary conditions. Next, we consider the alternative way of the rotation description, in which the local velocity of the substance multiplied by the chemical potential serves as the effective gauge field. In this approach this is possible to relate the axial current of the chiral vortical effect for the massless fermions to the topological invariant in momentum space, which is robust to the introduction of interactions. We compare the results for the axial current obtained using the two above mentioned approaches.
PACS numbers:
I. INTRODUCTION
Chiral vortical effect is the appearance of axial current in fermionic system in the presence of rotation. This effect was predicted for the first time by Vilenkin in [1] . From [1] the following expression for the axial current of massless Dirac particles may be read off (in the limit of high temperatures):
In the presence of chemical potential (see for example [2] [3] [4] and references therein) the additional term arises in the expression for the axial current:
There was a hope, that the value of the coefficient in front of vorticity does not depend on the interactions and can be fixed by the chiral anomaly, which is not subject to such corrections. It was shown, however [5, 6] , that the higher orders of perturbation theory are able to correct, at least, the coefficient in front of T 2 in Eq. (2) . In the presence of the finite mass of the fermions the expression for the chiral vortical effect is changed as well as the expression for the chiral separation effect [7] . On the formal level the theory with massless fermions suffers from various infrared divergencies [8] [9] [10] , for which reason the finite fermion masses are always introduced to the considered system even if the limit of small masses is assumed. Notice, that in [1] the neutral particles were discussed, and for them there are no infrared divergencies related to the radiation of photons.
It is worth mentioning, that the chiral vortical effect may be relevant for the description of the quark matter under extreme conditions in the rotated neutron stars [11] , and the rotated fireballs that appear in the non -central heavy ion collisions [12] . It has been argued that in the latter case the quark matter exists in the quark -gluon plasma phase [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
Free rotating fermions [24] [25] [26] [27] [28] as well as the interacting systems in the presence of rotation [4] have been investigated extensively during the recent years. Rotation of the relativistic system may be considered only in the finite region of space [26, 29, 30] . The interplay of rotation and the magnetic field directed along the rotation axis has been considered, for example, in [31] .
The chiral vortical effect belongs to the family of the so -called anomalous transport phenomena. Such phenomena have also their incarnations in the solid state physics [32] . This occurs, in particular, because the electronic system of the discovered recently Weyl and Dirac semimetals simulates relativistic physics and the corresponding excitations at the low energies are described by Dirac equation [33] [34] [35] [36] [37] [38] [39] [40] [44] [45] [46] . The other representatives of this family are, for example, the so -called anomalous quantum Hall effect [47] , the chiral separation effect [7] , the chiral magnetic effect [41] , the scale magnetic effect [43] , and the rotational Hall effect [42] . Recently the presence of the anomalous quantum Hall effect was predicted in the three -dimensional systems: the Weyl semimetals [44, 45] and the topological insulators [48] . At the same time the absence of the equilibrium version of the chiral magnetic effect was proved in [49] . It is expected, that both the chiral separation effect and the chiral vortical effect as well as the proposed recently rotational Hall effect [42] are expected to be observed in the heavy ion collisions [12] .
In the present paper we concentrate on the chiral vortical effect and discuss certain modifications of Eq. (2). One of the sources of the corrections to Eq. (2) is the finite size of the system. Rotation velocity cannot exceed the speed of light. Therefore, the following relation must be satisfied:
where Ω is the angle velocity while R is the radius of the system. In this way the additional parameter arises, which corresponds to the infrared physics. The relationship between temperature, chemical potential and the size of the system determines the behaviour of the system in the absence of interactions. The important effect, related to the finite size of the system, is the existence of the edge states, that can be localized on the boundary and that contribute the total axial current. The possible modifications of Eq. (2) due to the finite size corrections, interactions and the finite fermion mass constitute the "anatomy of the chiral vortical effect". Some of those issues will be discussed in the present paper. First, we will consider the non -interacting fermions and investigate the influence on the axial current of both the finite mass of the fermions and of the finite size of the system. The rotation of the system will be introduced as the enhancement of the total angular momentum. We adopt the MIT boundary conditions in order to consider the system in the finite volume. At the same time the results of [1] were obtained in the infinite volume limit. Generally speaking, our results for the density of the axial current on the rotation axis reproduce those of [1] and [2] . Far from the rotation axis the effect is changed drastically. To the best of our knowledge this modification of the chiral vortical effect due to the finite volume has been considered here for the first time.
Besides, following [2] we will consider the alternative definition of rotation, where the four velocity of substance multiplied by the chemical potential is considered as the effective U (1) gauge field. This allows to reduce the chiral vortical effect to the chiral separation effect caused by the corresponding effective magnetic field. The previous consideration of the latter effect [50] in the infinite volume limit at zero temperature ensures that it is protected topologically, which means that the coefficient in the ∼ µ 2 term of Eq. (2) should not be renormalized via interactions. The paper is organized as follows: in Section 2 we discuss Dirac equation in the presence of rotation that is introduced as the enhancement of the angular momentum, in Section 3 we present the solutions of the Dirac equation. In Section 4 we discuss the constraints on those solutions that follow from the boundary conditions. In Section 5 we describe the calculation of axial current. In Section 6 we adopt the alternative definition of rotation through the effective U (1) gauge field and apply the previously known expressions for the chiral separation effect to the chiral vortical effect for the massive fermions. In section 7 we discuss our numerical results and compare the two mentioned above approaches to the definition of rotation. In Section 8 we end with the conclusions.
II. ROTATION AS THE ENHANCEMENT OF ANGULAR MOMENTUM
Let us consider the description of rotation, which is due to the enhancement of the angular momentum in the theory by the term in the action proportional to the projection of momentum to the given axis:
where ω ij marks the rotation plane (for the rotation around the z axis ω ij = 03ij ) while M ij is the momentum tensor of the Dirac field:
Thus the rotation around the z axis on the level of the Dirac equation may be described by the following modification:
that is (using the Weyl basis)
Formally this equation is equivalent to Eq. (2.17) of [4] if we identify κ with angular velocity Ω. The description of rotation in the rotating reference frame is equivalent to the one in the laboratory reference frame if the latter is understood as an enhancement of the angular moment. We rewrite the Dirac equation using the expression for the total angular momentumĴ z =L z + 1 2 Σ 12 and the
Notice, that in the cylindrical coordinatesP
III. SOLUTIONS OF THE DIRAC EQUATION
The helicity operator and the total angular momentum commute
Therefore, let us look for the solutions with definite helicity σ = ±1 and total angular momentum j z = m + 1 2
where ϕ j is the (two-component) eigenfunction of the helicity operator
We will use the following relations forP ±
We assume q ≥ 0, the opposite sign would correspond to the same eigenfunction. Here J m is the Bessel function of order m. We are looking for ϕ of the following form
and obtain
This gives
and
As a result (6) is reduced to
where
The following dispersion relation follows
The solution of Eq. (16) is given by
As expected, at the vanishing mass the helicity and the chirality cannot be separated:
IV. THE MIT BAG CONDITIONS
In order to avoid the infrared singularities we place the system to the cylinder of radius R and imply the so -called MIT bag boundary conditions
here n µ = (0, r r , 0) is the unit vector orthogonal to the cylinder surface. According to those conditions the current normal to the surface of the cylinder vanishes:
This boundary condition mixes the states ψ σ , given by Eq. (9), with the opposite helicities σ = ±1
The non-zero C ± exists if q = q ml , where the radial quantum number l enumerates the admitted values of q at the given values of m. It satisfies the following quantization condition
Notice, that at q = 0 the wavefunction becomes trivial ψ ≡ 0 while at M R 1 we have q m1 R ≈ α m1 , where
Notice, that at the certain value of mass the lowest energy state disappears, i.e. if M R = m + 1 for m ≥ 0 or M R = −m for m < 0 then q m1 = 0. However, at the large values of masses M R 1 we get q m1 R ≈ γ m1 − 0 where
It is worth mentioning, that Eq. (22) has the imaginary roots q = iν, ν ≥ 0 [51] . Let us rewrite it using the modified Bessel functions I m (x) = i −m J m (ix): Its solution gives
At M R 1 we come to ν m = 0 while ν m > 0 if M R > m+1 for m > 0 or M R > −m for m < 0. I m (x) ≥ 0 and grows exponentially, so that there is only one solution ν m and one can say, that the corresponding solution of the Dirac equation represents the edge state (as opposed to the bulk states). It is localized at the edge of the cylinder. In the massless limit ν m = 0 for m = 0 while ν 0 does not exist, which means that there are no edge states. Now the solution of Eq. (20) is given by
In the massless limit these boundary conditions assume the existence of both the right -handed particles and the left -handed anti -particles. One may define the boundary conditions in a more general way introducing the "chiral angle" θ
which alters the spectrum. In particular, at θ = π the particles are to be left -handed while the antiparticles are right -handed. However, below we restrict ourselves to the case θ = 0. We normalize those solutions as follows ("one particle in the volume") 
V. CALCULATION OF THE AXIAL CURRENT
We are interested in the axial current along the rotation axis
The Fermi distribution is given by n(w, j z ) = 1 e β(w−µ−Ωjz) + 1
This distribution describes not only the positive energy states (E = w −Ωj z > 0), but also the states with the negative energy E = w − Ωj z < 0.
In the following we will use the assumption that in the presence of rotation the vacuum (i.e. the occupied states with negative energy) gives vanishing contribution to the total axial current. Therefore, for E = w − j z Ω < 0 we change the Fermi distribution to n(w, j z ) w−jzΩ<0 = 1 e β(w−µ−Ωjz) + 1
Overall, we come to the following version of the Fermi distribution to be used for the calculation of the axial current:
We may change the above procedure for the practical calculations because for all considered above eigenstates of energy the following relation is valid
It has been checked numerically for the considered values of parameters. Then one may take
We have the final expression for the chiral current density
Here the sum is over all quantum numbers, which enumerate the eigenstates of energy. Here by ψ k,q,sign (w),jz we denote the corresponding eigenfunction, which is the 4 -component complex -valued spinor. Correspondingly,ψ = (ψ * ) T γ 0 is the conjugated 4 -component spinor.
In [1] the analytical expression for the axial current has been obtained for the case of vanishing mass. Here in addition we obtain the analytical expression for j 5 z (0) at nonzero M but for µ = 0:
We expect that at low temperature T < R −1 and zero chemical potential there are no excited states and, therefore, the axial current density vanishes. The dependence of axial current density on the chemical potential at low temperatures reflects directly the details of spectrum.
Let us analyze the axial current density on the rotation axis in the massless limit. The current density is saturated by the states with the minimal total angular momentum j z = ±1/2. At the temperatures T < Ω the states with the opposite projections of the total angular momentum are excited when the chemical potential grows, and this does not occur simultaneously.
For simplicity, let us discuss the case T = 0. Then Fermi distribution becomes the step-function, and for 0 < µ < q 02 − Ω/2 only the two states with the minimal transverse momentum q ≡ q 01 and j z = ±1/2 may be excited, so we are able to directly use Eq. (32) . Corresponding states (up to an irrelevant here phase factor) We normalize the states according to Eq. (26) using the following relation and the transverse momentum quantization conditions
and derive
Using Eq. (32), up to a normalization factor we obtain
The function is zero up to µ = q − Ω 2 , then it grows, and has a peak at µ = q + Ω 2 , where the j z = −1/2 state get excited. After that it approaches a constant.
The current density has a series of similar peaks at µ ≈ q 0l + Ω 2 , l ∈ N. The non-zero temperature smooths out the peaks and the distortion has the form of the oscillations.
We calculate the axial current density using Eq. (32) directly. First, we find the transverse momenta q = q ml (and q = iν m if there are the edge states) by numerical evaluation of the roots of Eq. (22) . Then, we sum the series of Eq. (32) up to the values of m, l large enough to provide the relative precision of the order of 10 −3 . All integrations encountered during the computation of the terms in the series were performed numerically. To achieve the necessary precision we analytically estimate the sum of the series in the large q limit. Our procedure allows to obtain the error bars smaller than the markers of points on the presented figures.
VI. DESCRIPTION OF ROTATION VIA THE EFFECTIVE GAUGE FIELD
In this section we consider the alternative description of rotation of the fermionic matter with angular velocity Ω in the state with the chemical potential µ. Let us first neglect the interaction between the fermions. We require that the value of Ω is so small, that the velocity Ωr never becomes larger than 1 within the considered region of space (of radius R). Thus Ω and R obey Ω 0 R < 1. This is possible to describe the rotating substance in the small vicinity of a given point [2] by the action
where u µ is the four-velocity of the medium in the given point, which is defined as a unit four-vector tangent to a worldline of a piece of medium. It can be obtained from the ordinary velocity of the piece of medium v = (−Ωy, Ωx, 0) T as follows
The corresponding Dirac equation is equivalent to the Dirac equation in the presence of the external Abelian gauge field potential A µ = −µu µ :
The space components of u µ are equivalent to the effective magnetic field, which is directed along the axis of rotation and depends on r:
The 0 -component of u µ gives rise to the electric field with radial direction
The particularly simple case is when the rotation velocity remains much smaller than unity, so that we may neglect the dependence of γ(r) on r and set γ ≈ 1. Then the chemical potential in the laboratory reference frame
and we obtain E = 0 while
In the following we will restrict ourselves by this case. Then we are left with the Dirac fermion in the presence of constant effective magnetic field −2µΩ. The corresponding spectrum is discrete and consists of the Landau levels. According to the results of [50] the Chiral Separation effect gives the following expression for the axial current (assuming the fermions are massless):
with
where Σ is the 3D hypersurface of infinitely small volume in momentum space that embraces the singularities of the Green function G(ω, k) concentrated at the Fermi points. This representation for the axial current is valid and Eq. (44) is the topological invariant if γ 5 anti -commutes with the Green function in a small vicinity of the Fermi point. The advantage of this representation is that it is valid for the interacting system, in which we should use the complete fermion propagator G. However, if this system may be transformed smoothly to the simple noninteracting one, then the value of N is not changed and may be calculated using the Green function of the latter system. In particular, for the system of one massless noninteracting fermion N = 1.
In the presence of nonzero mass M the situation is changed, and the poles of the Green function do not appear while µ < M , which gives the vanishing CSE current. At µ ≥ M the Fermi surface appears, and it contributes to the chiral current in a more complicated way. However, for the non -interacting fermion we have an expression derived in [7] . For T = 0 it has the form:
For the nonzero temperature the current may be read off from Eqs. (36) , (37) of [7] :
where β = 1/T . In particular, for µ = 0 we arrive at
Following [2] we represent the axial current of the Chiral Vortical Effect as the axial current of the Chiral Separation Effect corresponding to the magnetic field of Eq. (42) . This gives for the system of the interacting massless fermions rotating with angular velocity Ω around the z axis:
where N is the topological invariant given by Eq. (44) . At the same time for the system consisting of one noninteracting massive fermion at zero temperature we have
For the nonzero temperature we obtain
For µ = 0 and nonzero T Eq. (47) would give us the vanishing value of axial current contrary to Eq. (33) . This means that Eq. (50) does not approximate sufficiently well the result obtained within the model of Sect. II at small µ, unless µ − M T .
VII. NUMERICAL RESULTS
In this section we discuss our numerical results obtained for the axial current in the model of Sect. II. Notice, that in the presented plots the error bars are smaller than the sizes of the symbols that represent the data.
1. First of all let us consider the case of vanishing mass M = 0. We expect that close to the rotation axis the influence of boundary may be neglected and therefore the results of [1] are to be reproduced. We will see that this indeed occurs (at least, for the values of temperature of the order of 1/R or larger). We illustrate our results by Fig. 1, 2, 3 . On Fig. 1 2. The finite volume effects become relevant at the values of r with finite ratios r/R. Our results are illustrated by Fig. 4, Fig. 5 and Fig. 6 , where the profile of j 5 (r) is represented as a function of r (given in the units of R). One can see, that the finite volume effects are relevant not only close to the boundary itself R = 1 but at any finite nonzero value of the ratio r/R. The axial current density outside of the rotation axis differs essentially from its value on the axis itself. Everywhere the axial current density is saturated by the states with the transversal momentum q ml ∼ T 2 + µ 2 . However, on the rotation axis the states with the angular momentum j z = ±1/2 only contribute to the current density. Far out from the rotation axis the current density is saturated by the states with the higher angular momenta. On Fig. 4 and Fig. 5 the axial current density is represented as a function of r in the massless limit for various values of angular velocity, temperature and chemical potential.
On Fig. 6 the axial current density is represented as a function of r in the case of finite mass. For the massive fermions M R 1 the maximum of the axial current density is shifted out of the rotation axis.
3. We expect that at nonzero fermion mass and small enough values of Ω and T the axial current density at r = 0 given by the model of Sect. II is close to the value predicted within the different model of Sect. VI in Eq. (49) and Eq. (50). This expectation is indeed justified by our numerical results. We illustrate this by Fig. 7 and 8 , where we represent the value of the axial current density at r = 0 as a function of µ (given in the units of 1/R).
One can see, that at µ − M T indeed the dependence of j 5 (0) on µ is given by Eq. (49) 
VIII. CONCLUSIONS
In the present paper the chiral vortical effect was considered taking into account the finite mass of the fermions and the finite size of the system. In addition in the infinite volume limit at zero temperature we briefly discuss possible influence of interactions. We assume the axial symmetry and adopt the MIT boundary conditions. The spectrum of the system was calculated and the corresponding solutions of the free Dirac equation that satisfy the given boundary conditions were found following [4] . The axial current density was calculated numerically.
The presence of mass modifies this density. We expect, that for the interacting massive particles the modification should be even more significant as predicted in [5, 6] . It appears that the finite size also affects essentially the axial current. In particular, at low enough temperatures the oscillations appear in the dependence of the axial current density on the chemical potential. At any values of temperature the axial current density varies fast when the distance to the rotation axis is changed. The previous results obtained in the infinite volume limit are reproduced in our calculations only in the small vicinity of the rotation axis.
Comparison of the two distinct approaches to the definition of rotation demonstrates, that at small enough values of temperature T (much smaller than |µ − M |) those two approaches give the same value of the axial current density in the infinite volume limit. At the same time the definition of rotation of Sect. VI clearly differs from that of Sect. II for the vanishing chemical potential (i.e. at µ T ). Namely, according to Sect. VI in this case the axial current is equal to zero while the definition of Sect. II gives the non -vanishing values of the axial current. This discrepancy demonstrates, that the notion of macroscopic motion may be introduced to the quantum field theory in a variety of different ways.
The results obtained using the definition of Sect. VI ensure that the coefficient at the term ∼ µ 2 in Eq. (2) is topologically protected at vanishing temperature. That means that it is not changed when we modify smoothly the system. The introduction of interactions being such a smooth change cannot renormalize, therefore, this coefficient. There is no such a correspondence between the two mentioned approaches at large enough temperature, which is in accordance with the conclusions of [5, 6] that the corresponding term in Eq. (2) may be modified due to interactions.
The expected experimental observation of chiral vortical effect is related to the physics of heavy ion collisions. The anatomy of the chiral vortical effect discussed here is relevant for its description. In particular, the fireballs that
